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Abstract
We analyze the single subleading soft graviton theorem in (d + 1) dimensions under com-
pactification on S1. This produces the single soft theorems for the graviton, vector and scalar
fields in d dimension. For the compactification of 11-dimensional supergravity theory, this gives
the soft factorization properties of the single graviton, dilaton and RR 1-form fields in type IIA
string theory in ten dimensions. For the case of the soft vector field, we also explicitly check
the result obtained from compactification by computing the amplitudes with external massive
spin two and massless finite energy states interacting with soft vector field. The former are
the Kaluza-Klein excitations of the d+ 1 dimensional metric. Describing the interaction of the
KK-modes with the vector field at each level by the minimally coupled Fierz-Pauli Lagrangian,
we find agreement with the results obtained from the compactification if the gyromagnetic ratio
in the minimally coupled Fierz-Pauli Lagrangian is taken to be g = 1.
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1 Introduction
During the past few years, the soft theorems have been investigated in a variety of theories
[1–45] together with their connection with the asymptotic symmetries and the memory effects
[46–54]. In a series of works [55–59], it was shown that the subleading soft graviton theorem is
universal in higher than four space-time dimensions at any loop order.1 Any theory possessing
diffeomorphism invariance satisfies the soft graviton factorization up to subleading order with
results valid at all loops and the form of the soft operators up to subleading order takes the
same form in all these theories. At subsubleading order, the soft factorization still happens
though the form of the soft operator is not fully determined from the diffeomorphism invariance
alone but depends upon the theory [21,29,57]. In 4 space-time dimensions, there are subtleties
and the relation between amplitudes with and without soft gravitons involve logarithmic terms
for loop amplitudes [62–64].
It is also known that the leading soft photon theorem is also universal and depends only
upon the gauge invariance of the theory [65, 66]. At subleading order, the soft factorization
still happens though the form of the soft operator depends upon the theory [45]. The soft
behaviour of the scalar fields have also been investigated in [67–69].
In this paper, we focus on the single subleading soft graviton theorem. Its universality
1 At tree level, universality holds also for 4 dimensional space-times. In 5 dimensions, the individual Feynman
diagrams at loop level can suffer from the IR divergences [58]. However, they are expected to cancel in the full
amplitude [60,61].
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allows us to apply this to an arbitrary loop amplitude in higher than 4 space-time dimensions
irrespective of the theory. We shall investigate the implications of this theorem when we
compactify a space direction along a circle. The compactification of the metric field on a
circle gives rise to 3 massless fields, namely, a graviton, one vector and one scalar field along
with a tower of massive spin-2 fields in one lower dimension. We shall show that the soft
factorization of the amplitude containing a single soft graviton in higher dimension implies
the soft factorization of amplitudes involving a soft graviton, a vector and a scalar field in the
lower dimension after compactification.
We shall work in generic dimensions. Hence, we shall consider the soft theorem for gravitons
in d+ 1 dimensions. The case of d+ 1 = 11 is interesting since compactifying 11 dimensional
theory on S1 gives the type IIA string theory in 10 dimensions [70, 71]. In particular, the 11
dimensional graviton gives rise to graviton, dilaton and RR 1-form in the type IIA theory.
Moreover, the massive KK modes are identified with the D0 branes and its bound states in
string theory. Hence, the results for the soft factorization of vector and scalar essentially gives
the soft behaviour of the dilaton and RR 1-form fields in string theory. Specializing the external
finite energy states to massive KK modes in the result of compactification gives the prediction
for the scattering of D0 branes and its bound states from the soft fields.
Before proceeding further, we summarize our results for the soft factorization of particles
which arise due to compactification on S1. For the graviton, the subleading result is universal.
Hence, both the d+1 and d dimensional results take the same form. For the vector field arising
due to compactification on S1, the subleading soft behaviour turns out to be
Mn+1(ε, q; pi) =
√
2κd
n∑
i=1
[
eiεµp
µ
i
pi · q +
eiεµ qν(2Lµνi + S
µν
i )
2 pi · q +
εµqνp
σ
i (Σσρ)µνSρi√
2 pi · q
]
Mn(pi) (1.1)
In the above expression, the indices µ, ν · · · run over the d dimensional space-time and take
the value from 0 to d−1. The (q, ε) denote the momentum and polarization of the soft photon,
(pi, εi) denote the momenta and polarization of the finite energy particles. The ei denotes the
charge of the particle which interacts with the photons.2 The Lµνi and S
µν
i denote the orbital
and spin angular momentum respectively which act on the finite energy states insideMn. The
operator (Σρσ)µν is defined by
(Σσρ)µν ≡ ησµ ηρν − ησν ηρµ. (1.2)
The Sµ is an operator which annihilates massive spin-2 KK modes and acts on the massless
2This is the charge which arises from the KK reduction.
3
vector εµ, scalar φˆ and the graviton field εµν as3
Sν εµ = −
ενµ(pi)− ηνµφˆ
√
d− 1
d− 2
 ; Sµ φˆ = −
√
d− 1
d− 2ε
µ
Sν ερσ = 12
[
ησν ηρµ + ηρν ησµ − 2η
µνηρσ
d− 2
]
εµ (1.3)
In other words, Sµ converts one type of finite energy particle into another particle and implies
the existence of specific interaction vertices. The operator Sµ defined in equation (1.3) is
essentially the broken generator, Sρzi of the spin angular momentum of d+1 dimensions.4 This
gives an interesting connection between soft theorems and symmetries [8, 9, 72–74] which are
eventually broken as in the case of spontaneously broken conformal field theories [38,75].
To derive the above result, we started from the universal subleading soft graviton theorem
in d+ 1 dimensions and compactified it on a circle. Universality also implies the validity of the
theorem for arbitrary finite energy states which are now unspecified. After determining the
precise map between the polarizations of the d + 1 graviton states, reduced to d-dimensions,
and the physical polarizations of the d dimensional fields, we use it in the expression of the
compactified soft graviton theorem. Doing this, the subleading soft factorization properties
of the graviton, vector and scalar fields in d dimension are easily obtained. In this work, the
above mapping will be determined only at the level of classical fields.5 This implies that the
soft graviton factors beyond subleading order and the soft photon factors beyond the leading
order will be valid only at the tree level. The loop corrections might change the form of these
soft operators. The subleading soft graviton operator and the leading soft photon operator are
fixed universally by symmetry arguments and hence they can’t change by loop corrections. All
the soft scalar operators can also change by the loop corrections.
We also explicitly check the consistency of the result obtained in (1.1) by some direct
calculations. In particular, we consider all possible exchange diagrams with the soft vector
interacting with on-shell finite energy massless vectors, gravitons, scalars as well as massive
spin two particles. The action for these fields can be obtained by compactifying the d + 1
dimensional Einstein-Hilbert action keeping also the infinite tower of massive Kaluza-Klein
states. The action of the massive KK states, neglecting the interaction between different
KK levels and the interaction with the massless gauge field, is described by the free Fierz-
Pauli Lagrangian [76]. The Fierz Pauli action for the KK modes using the procedure of
compactification has been obtained in [77]. The interaction between the KK modes with
the abelian gauge field can then be introduced by the minimal coupling procedure (see for
example [78]). This introduces an arbitrariness in the construction of the Lagrangian which is
3See also the comment below (3.41).
4We parametrize the compact direction S1 by z variable.
5We thank Ashoke Sen for discussions regarding this point.
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parametrized by an unfixed constant g known as gyromagnetic ratio. This constant appears
in the soft operator and the result of explicit calculation matches with the result obtained
through compactification if the gyromagnetic ratio is taken to be equal to 1. This value,
obtained through soft theorems, is in agreement with previous results showing that all the
Kaluza-Klein states have gyromagnetic ratio g = 1 [79, 80]6.
In this approach the definition of the operator Sρi , given in equation (1.3) is quite formal;
it converts a vector to a scalar/graviton state and vice-versa. Its action reflects the peculiarity
of the three point vertices where a vector field can interact only with another vector field
and a scalar or graviton state. However, after comparing the result of direct calculation with
the result obtained from compactification, the introduction of the operator Sρi becomes quite
natural being identified with the broken generator of the d+ 1 dimensional spin operator. The
demand of the gauge invariance of the whole on-shell amplitude then fixes the structure of the
soft operator.
For the amplitudes involving a soft scalar field and hard particles having spin zero, one or
two, the prediction for the leading and subleading soft behaviour which follows from compact-
ification, is given by
Mn+1 = κd
{
2 +
n∑
i=1
[
(2− d)e2i −m2i
pi · q +
(2− d)e2i −m2i
pi · q q ·
∂
∂pi
− pi · ∂
∂pi
− (2− d)ei ∂
∂ei
]}
Mn
(1.4)
where
m2i = (md+1i )2 +
n2i
R2
; ei =
ni
Rd
(1.5)
with md+1i being the mass of the finite energy state in d + 1 dimensions, zero if massless.
The n2i /R2d is the contribution coming from the compactification along S1. The Rd denotes
the radius of the circle and ni is an integer labelling the tower of massive KK-states. The
ei denote the charge of the massive spin 2 KK modes which are charged under the massless
gauge field. For uncharged particles (ni = 0), equation (1.4) is in agreement with the previous
results obtained in the literature for the string dilaton [67]. This result therefore supports the
universality of such a factorization property. The presence of charged massive states add new
terms to the soft scalar operator.
The rest of the paper is organised as follows. In section 2, we make the connection between
the polarization tensors in d + 1 and d dimensions. A crucial aspect of this is the relation
between the zero mode of the graviton polarization in d + 1 dimensions and the polarization
of the massless fields in d dimensions. In section 3, we analyze the single subleading soft
6 We thank M. J. Duff for bringing to our notice these papers regarding the gyromagnetic factor of massive
Kaluza-Klein states.
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graviton theorem in d + 1 dimensions under compactification and show that it gives the soft
factorization of massless graviton, vector and the scalar field in d dimensions. In section 4, we
perform some explicit checks. In particular, we show that the soft factorization of amplitudes
involving a single vector field which is obtained through compactification also follows by a
direct calculation. For this, we consider both massless as well as massive spin 2 finite energy
external states interacting with the soft vector field. The identification of the soft generators
in d dimensions in terms of the angular momentum operator involving the compact direction
is very crucial in this matching. We end with some discussion in section 5. In appendix A, we
review some results about the compactification of metric in d+ 1 dimensions on S1.
2 Identifying the physical polarizations
To show that the soft factorization of graviton in d+1 dimensions gives rise to soft factorization
of graviton (and other particles resulting from the compactification) in d dimensions, we first
need to identify the correct physical polarizations in d dimensions in terms of the graviton
polarizations of d+ 1 dimensions. This is the question we shall address in this section.
The gravity in d + 1 dimensions, whose compactification to d-dimensions is discussed in
appendix, is described by the Einstein-Hilbert action (A.74). We shall parametrize metric as
GMN = ηMN + 2κd+1SMN (2.6)
and introduce the d + 1 dimensional on-shell graviton field SMN = MNeipMx
M , whose polar-
ization tensor satisfies the following conditions
pM
MN = 0 = NN ; MN = NM ; p2 = 0 (2.7)
with M,N = 0 . . . d.
We shall denote by µ, ν = 0, · · · , d − 1 the indices along the d dimensional non compact
space-time and by z the index along the compact direction. In this notation, the conditions
on the d+ 1 dimensional polarization tensor can be written as
pµ
µν + pzzν = 0 , pµµz + pzzz = 0 , µµ + zz = 0 (2.8)
As reviewed in appendix A, the dimensional reduction of the d+1 dimensional metric along
a circle can be performed by the following metric ansatz
Gµν = e2αφgµν + e2βφAµAν ; Gµz = e2βφAµ ; Gzz = e2βφ (2.9)
For the moment, we consider all the fields gµν , Aµ and φ to depend only on the d dimensional
coordinates xµ, with µ, ν = 0, . . . , d − 1. This is the case if the fields have to represent the
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massless degrees of freedom in d dimensions. The constants α and β are chosen to be
α2 = 12(d− 2)(d− 1) , β = −(d− 2)α (2.10)
These constants are fixed by requiring that the reduced action is in the Einsten frame and has
the dilaton kinetic term normalized with the factor 1/4κ2d as reviewed in appendix A. For the
above ansatz, the d-dimensional action turns out to be
S = 12κ2d
∫
ddx
√−g
[
R− 12∂µφ∂
µφ− 14e
√
2(d−1)/(d−2)φ FµνF µν
]
(2.11)
where Fµν denotes the field strength of the 1-form field Aµ. This is the d-dimensional action
for the metric, dilaton and rank 2 field strenght (see, e.g., [81]). When d = 10, it is the type
IIA action, restricted to these three fields, obtained by dimensional reduction of the Einstein-
Hilbert term of the d = 11 supergravity. The canonically normalized kinetic terms for the fields
in action (2.11) are obtained by absorbing the gravitational coupling constant in the fields as
gµν = ηµν + 2κdhµν ; φ =
√
2κd φˆ ; Aµ =
√
2κd Aˆµ (2.12)
The soft theorems are expressed in terms of the momentum space polarizations. We shall
denote the d dimensional graviton polarization by εµν . It is demanded to satisfy
pνενµ = ενν = 0 ; εµν = ενµ , (2.13)
and similarly for the vector and scalar fields.
The identification between the d dimensional polarization tensors and the d+1 dimensional
polarization tensors is taken to be
µν(pµ) =
κd
κd+1
(
εµν(pµ) +
2α√
2
φˆ(pµ) η⊥µν
)
+O(κ2d)
µz(pµ) =
κd√
2κd+1
εµ(pµ) +O(κ2d) ; zz(pµ) = 2β
κd√
2κd+1
φˆ(pµ) +O(κ2d) (2.14)
εµ denotes the polarization of the vector field in d dimension and (on-shell)
η⊥µν ≡ ηµν − pµp¯ν − pν p¯µ ; p · p¯ = 1 ; pµη⊥µν(p) = 0 ; p¯2 = 0 (2.15)
where p¯µ is a reference null vector.
The terms with higher orders in κd would contain terms which are not linear in the fields.
They would correspond to vertices with more that one soft particle and therefore they do not
contribute to single soft theorems. However, they would be relevant in the case of multiple
soft theorem.
The reason for introducing the transverse metric η⊥µν in the relation between graviton po-
larizations in d+ 1 and d dimensions in equation (2.14) is that at the massless level, the d+ 1
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dimensional fields do not depend upon momentum pz along the compact direction. Hence,
the transversality condition of the d+ 1 dimensional polarization tensor, namely, pMMN = 0,
given in equation (2.7), immediately gives pµµν = 0. Now, the d dimensional polarization
tensor εµν is also demanded to satisfy the same relation, namely, pµεµν = 0. However, both
these conditions are not compatible with each other if we use ηµν in the identification made in
(2.14). By using η⊥µν , both the transversality conditions have been made compatible with each
other. Another way to see this is to note that the trace of the first line of equation (2.14) gives
(on using εµµ = 0 and equation (2.8))
µµ(p) = −zz(p) = 2α(d− 2)
κd√
2κd+1
φˆ(p) +O(κ2d) (2.16)
where we have used (η⊥)µµ = d−2. This identity is compatible with the expression of zz7 given
in the second line of equation (2.14) provided the condition β = −(d − 2)α holds. But, this
is exactly one of the conditions given in equation (2.10) which is required by the dimensional
reduction ansatz.
The compactification along the circle, with radius Rd, also gives rise to an infinite tower of
massive Kaluza-Klein states. This can be seen by expanding the field in its fourier modes. For
a generic field Φ(x, z) in d+ 1 dimensions having mass m, we have
Φ(x, z) = Φ(0)(x) +
∑
n6=0
Φ(n)(x)eipzz (2.17)
with 0 ≤ z ≤ 2piRd and pz = n/Rd.
The non zero mode Φ(n)(x) represents the nth level massive KK field. In the compactifi-
cation, the zero modes do not change their mass while for the non-zero modes, the mass gets
shifted by the presence of the compact momentum, namely, the mass of the nth level KK mode
is given by
−p2 = m2 +
(
n
Rd
)2
(2.18)
with pµ = (p0, . . . pd−1).
When Φ(x, z) is taken to be the d + 1 dimensional graviton field SMN(x, z), the non zero
modes S(n)MN(x, z) describe the massive spin 2 fields. More precisely, the S(n)µz and S(n)zz compo-
nents act as goldstone bosons and are eaten by the S(n)µν field [82] to give a massive spin two
particle having
d
2(d− 3) + (d− 2) + 1 =
1
2(d− 2)(d+ 1) (2.19)
7Note that we raise and lower the indices using the flat metric since the graviton is the fluctuation around
the flat metric.
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degrees of freedom. In the previous expression, the three terms on the left side are the on-shell
degrees of freedom of a massless graviton, a vector and a scalar respectively in d dimensions.
The right hand side represents the degrees of freedom of a massive spin 2 particle in d dimen-
sions.
The massive KK modes S(n)µν are also charged with respect to the massless U(1) gauge field
Aµ with charge given by en = n/Rd (see appendix A).
For the soft particle, we need to necessarily set the component of the momentum along
the compact direction to be zero, i.e., qz = 0, since we want it to remain massless under the
compactification.
3 Soft factorization under compactification
In this section, we consider the subleading single soft graviton theorem in d + 1 dimension
and explore its consequences when we compactify one of the spatial dimension on S1. We
shall make use of the identification made in previous section of the physical polarization in d
dimensions in terms of those in d+ 1 dimensions. We start by recalling the single soft graviton
theorem in d+ 1 dimensions.
It is well known that an amplitude Mn+1 which involves a graviton carrying a soft momen-
tum q, and n arbitrary finite energy particles, carrying momenta pi (i = 1, · · · , n) is related
to the amplitude without the soft particle, Mn, by the so called soft graviton theorem as
Mn+1(q; {pi}) = κd+1
[
Sˆ(−1) + Sˆ(0) + Sˆ(1)
]
Mn({pi}) +O(q2) (3.20)
Here κd+1 is the d+ 1 dimensional gravitational coupling constant, the pi denote the momenta
of the hard particles, MN denotes the polarization of the soft graviton and the Sˆ(m) (for m =
−1, 0, 1) are the soft operators to the order qm in the soft expansions. The leading and the
subleading soft operators are given by
Sˆ(−1) = MN
n∑
i=1
pMi p
N
i
pi · q , Sˆ
(0) = MN
n∑
i=1
qPp
M
i J
NP
i
pi · q (3.21)
with JMNi denoting the total angular momentum operator acting on the polarization tensors
of finite energy states inside Mn. It is given by the sum of orbital and spin angular momentum
JMNi = LMNi + SMNi ; LMNi = pMi
∂
∂piN
− pNi
∂
∂piM
(3.22)
The spin angular momentum operator SMNi takes different representations depending on what
finite energy state it acts upon. E.g., its action on a spin-2 state is given by
(SMN )PQ = (SMN) ABPQ AB = −
(
δMP 
N
Q − δNP MQ + δMQ  NP − δNQ  MP
)
. (3.23)
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The leading and the subleading soft operators Sˆ(−1) and Sˆ(0) are universal and hence indepen-
dent of the particular theory we consider. Moreover, the above soft theorem statement is valid
for any kind of finite energy particles. On the other hand, the subsubleading operator Sˆ(1),
whose explicit form is given in [57], is not universal and depends upon the specific interactions
of the theory under considerations. E.g., in the case of Heterotic and Bosonic string theory
in 10 dimensions, it depends upon the interaction term φR2, (with φ being the dilaton field)
which is present in the effective actions of these theories to the O(α′), with α′ being the string
slope [21,30].
The universality of the first two terms in equation (3.20) allows us to apply the theorem to
an arbitrary theory describing gravity in d+ 1 dimensions and consider the scenario in which
one of the direction is compactified on S1. We shall consider the leading and subleading cases
separately. However, before proceeding further, we make some comments about the notation.
By extracting out the polarization tensors, we express the single soft graviton amplitudeMn+1
in d+ 1 dimensions as
Mn+1(q, p1, . . . pn) = κd+1MN(q)MMNn+1(q, . . . pi, . . . pn) (3.24)
where, MN(qµ, qz) is the polarization of the soft particle.
After we compactify on S1, the massless (and hence soft) modes do not depend upon
the compact direction. Using the identification made in equation (2.14), the soft graviton
amplitudeMn+1 can be expressed as the sum of three terms8
Mn+1(q, , {pi}) = κd εµνMµνn+1(q, ε, {pi}) + κdεµMµn+1(q, ε, {pi}, )
+
√
2 αφˆMφn+1(q, ε, {pi}) +O(κ2d) (3.25)
where we have denotedMµn+1 ≡Mµzn+1 and defined
Mφn+1 = κd η⊥µν
(
Mµνn+1(q, ε, {pi})− ηµνMzzn+1(q, ε, {pi})
)
(3.26)
TheMn+1 in the right hand side in equation (3.25) depend upon the finite energy massless and
the massive states. All the states (massive as well as massless) depend upon the momentum
along the d non compact directions. The massive states also depend upon the compact direction
through their mass/charge.
3.1 Leading term
By replacing the d + 1 dimensional graviton polarization MN in terms of the d dimensional
polarizations using equation (2.14), we find that the leading soft theorem of equation (3.20)
8The precise normalization constants appearing in the right hand side of (3.25) are somewhat arbitrary.
However, they are very convenient in analyzing the soft graviton theorem under compactification. This also
means that these definitions of the d-dimensional amplitudes, suggested from the compactification procedure,
could differ by an overall normalization from the ones obtained by using more conventional approaches.
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takes the form of the right hand side of equation (3.25), thus, breaking into soft factorizations
of three particles. For the graviton, we get9
Mgn+1(q, {pi}) ≡ κd εµνMµνn+1 = κd
n∑
i=1
εµνp
µ
i p
ν
i
(pi · q) Mn({pi}), (3.27)
for the scalar, we get
Mφn+1(q, {pi}) = κd
{
2 +
n∑
i=1
[
(2− d)(pzi )2 + p2i
(pi · q)
]}
Mn({pi}), (3.28)
By projecting the amplitude on the soft dilaton particle and using the momentum conservation,
we get in Eq.(3.28) a subleading contribution that should be neglected at O(q−1). Since in the
next subsection we shall add to this result the subleading contribution, we keep also such a
term in (3.28) to obtain the full O(q0) soft dilaton theorem.
Finally, for the vector field, we get
MAn+1(q, {pi}) ≡ κd εµMµn+1 =
√
2κd
n∑
i=1
eiεµp
µ
i
(pi · q)Mn({pi}) ; ei = p
z
i (3.29)
For the single soft graviton, (3.27) is the standard leading soft graviton theorem statement in d
dimensions. In (3.29), the ei is equal to pzi . As reviewed in appendix A, the massive KK modes
are charged with respect to the massless vector field and hence pzi is the charge vector fields
interact with. Thus, (3.29) has the form of the leading soft-theorem statement for a vector
field in d dimensions. This is expected since the leading soft photon theorem is universal and
hence independent of the theory.
In the case d = 10, the vector field corresponds to the RR 1-form field and pzi represents
the charge of the D0 brane and its bound states. The value of the charge, namely, pzi = ngs√α′ ,
where 1/(gs
√
α′) is the charge of the single D0 brane, and equation (3.29) are consistent with
the identification of the D0 brane and its bound states as Kaluza-Klein modes of the d = 11
supergravity theory.
The soft factorization of the scalar field in (3.28) is consistent with the corresponding result
obtained for the dilaton in [67].
9Note that the sum over indices in the inner products (pi ·q) in (3.27)-(3.29) runs only over the d dimensional
space-time unlike the inner products in (3.20) in which it runs over d+1 dimensional space-time. We shall use
the same notation in both cases since the difference between the two is clear from the context.
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3.2 Subleading term
Again, by replacing the d+ 1 dimensional graviton polarization in terms of the d dimensional
polarizations in the subleading term involving Sˆ(0) of (3.20), we find
Mn+1(, q; {pi})
= κd
n∑
i=1
[
εµνp
µ
i qρJ
νρ
i
(pi · q) +
εµqρ(pµi J
zρ
i + pziJ
µρ
i )√
2(pi · q)
+
2(βpzi qρJ
zρ
i + αη⊥µνp
µ
i qρJ
νρ
i )φˆ√
2(pi · q)
]
Mn({pi})
(3.30)
We first focus on the case when the finite energy states are all massless. In this case, pzi = 0
and the expression (3.30) simplifies to give the following relations among amplitudes with and
without soft-particles
Mgn+1 = κd
n∑
i=1
εµνp
µ
i qρJ
νρ
i
(pi · q) Mn ; M
φ
n+1 = κd
n∑
i=1
η⊥µνp
µ
i qρJ
νρ
i
(pi · q) Mn (3.31)
MAn+1 =
√
2κd
n∑
i=1
εµqρ p
µ
i J
zρ
i
2(pi · q) Mn =
√
2κd
n∑
i=1
εµqν pσi (Σσρ)µν J
zρ
i
2 (pi · q) Mn (3.32)
In going to the second equality of (3.32), we have used the conservation of the angular mo-
mentum ∑ni=1 Jρzi Mn = 0 and made use of the operator (Σσρ)µν defined in equation (1.2).
The first equation in (3.31) is the usual subleading term of the single soft graviton theorem
in d dimensions. The second equation of (3.31) shows the soft scalar factorization. We shall
simplify this expression now. It is easy to see that the η⊥µν in this can be replaced by ηµν
since the difference between the two vanishes after using the angular momentum conservation∑n
i=1 J
νρ
i Mn = 0. Now, using equation (3.22), we can recast the resulting expression in the
form
n∑
i=1
piµqρJ
µρ
i
(pi · q) Mn =
n∑
i=1
[
−pi · ∂
∂pi
+ p
2
i
pi · q q ·
∂
∂pi
+ piµqρS
µρ
i
(pi · q)
]
Mn (3.33)
The term proportional to p2i is zero for the massles finite energy states. The term proportional
to the spin part also vanishes for the hard massless gravitons, scalars or vector fields.10 For
the scalars, it vanishes because the action of the spin operator on a scalar field is trivial. For
the gravitons, it vanishes because
piµS
µρ
i ε
i
ντMντn =
[
piµδ
ρ
νε
µ
i τ − piνερi τ + piµδρτεµi ν − piτερi ν
]
Mντn = 0, (3.34)
where the second equality follows because piνMντn = 0 = piτMντn and piσεστi = 0. For the hard
massless spin 1 states, on the other hand, this vanishes because
piµS
µρ
i ε
i
νMνn = −
[
piµδ
ρ
νε
µ
i − piνερi
]
Mνn = 0 (3.35)
10Actually, it also vanishes for the hard massive spin 2 states by following the same argument as in equation
(3.34).
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where, again the second equality follows because piνMνn = 0 = piµεµi .
Thus, combining (3.33) with the O(q0) term of equations (3.28), we get the subleading
scalar soft factorization for the external massless hard particles to be
Mφn+1(, q; p1, · · · , pn) = κd
[
2−
n∑
i=1
pi · ∂
∂pi
]
Mφn(p1, · · · , pn) (3.36)
This expression is in agreement with the results given in the literature and obtained by com-
puting string and field theory amplitudes [67].
Finally, we consider (3.32) which gives the soft factorization of the vector field εµ to the
subleading order. It is easy to see that the soft operator appearing in this equation is invariant
under the gauge transformation εµ → εµ + qµ. However, it contains the generators Jzρi of the
Lorentz group in d+ 1 dimensions which are broken in the compactification procedure. These
generators are defined in equation (3.22) in terms of the polarizations and momenta of d + 1
dimensions. It is very instructive to rewrite this subleading vector soft operator in terms of
the d-dimensional degrees of freedom which we do now.
The finite energy massless particles do not depend upon the momentum along the compact
direction. Hence, the orbital part of Jzρi doesn’t play any role and we only need to consider the
action of the spin operator Szρi on the d-dimensional massless fields. Using the representation
(3.23) and equation (2.14), we find the action of the spin operator on the scalar field to be
(Sρzi i)zz = 2
ρz
i =⇒ Sρzi φˆi =
1
β
ερi =
√
2(d− 1)
d− 2 ε
ρ
i (3.37)
Next, we consider the action on the spin 2 massless fields. Using the gauge conditions
piµiMµiνin = 0 = piνiMµiνin and the equations (2.14), (3.23) and (3.37), we find
Sρzi
[
iµνMµνn
]
= −zγi
[
ηγν η
ρ
µ + ηρν ηγµ
]
Mµνn
=⇒ Sρzi
[
εiµνMµνn
]
= − 1√
2
εσi
[
ηνσ η
ρ
µ + ηρν ησµ −
2 ησρηµν
(d− 2)
]
Mµνn (3.38)
Equation (3.38) when combined with the second line of (3.32) shows that the action of the
vector soft operator on a hard graviton leg transforms it into a vector field. This corresponds
to a 3-point interaction vertex in which a soft vector field is attached to a hard graviton
which interact with an n-point amplitude through the exchange of a vector field (see figure 1).
Equation (3.37), instead, corresponds to interaction among two on-shell vector fields and an
internal scalar.
Finally, the action of the spin operator on massless vector fields is obtained using equations
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(2.14) and (3.23) to be
Sρzi
[
iµzMµzn
]
= (ρi µ − ηρµzi z)Mµzn
=⇒ Sρzi
εiµ√
2
Mµn =
ερi µ −
√
d− 1
d− 2η
ρ
µ φˆi
Mµn (3.39)
This corresponds to an interaction vertex where the soft vector field is attached on a hard
vector field and they exchange with the n-point amplitude a graviton/scalar internal state.
Next, we extend our analysis to include the massive spin two states which are the only
massive states following from the compactification of the metric field. The gravity soft the-
orem remains unchanged, as expected. The vector and scalar soft theorems instead get an
extra contribution from the terms in equation (3.30) proportional to the momentum along the
compact direction pzi . For the vector, the subleading term becomes
MAn+1 =
√
2κd
n∑
i=1
[
eiεµ qνJ
µν
i
2pi · q +
εµqνp
σ
i (Σσρ)µνS
zρ
i
2pi · q +
eiεµ qνL
µν
i
2pi · q
]
Mn (3.40)
where, we have used the identities
qν p
σ
i (Σσρ)µνp
ρ
i = 0 ; qν pσi (Σσρ)µν
∂
∂piρ
= −q · pi ∂
∂piµ
+ pµi q ·
∂
∂pi
= qνLµνi (3.41)
In the discussion above, we have specified the action of the spin operator Szρi on the massless
states which arise due to compactification. The action of such an operator on massive spin
two states is trivial, namely11,
Szρi φ
(n)
i τσ = 0 (3.42)
This is due to the fact that the operator Szρi acting on the polarization, φ
(n)
i τσ, of the generic nth
level Kaluza-Klein tower, gives terms proportional to S(n)µz and S(n)zz which are eaten by the spin
two massive modes S(n)µν . The amplitude calculation performed in Sec. 4.2, in the framework
of the Fierz-Pauli Lagrangian interacting with a gauge field, confirms equation (3.42). If we
have a generic state in d + 1 dimensions, the action of the spin operator Szρi , on the particles
arising in the compactification to d dimensions, needs to be worked out explicitly. Finally, it
is straightforward to check that equation (3.40) is gauge invariant.
In the case of the scalar field, the contribution of the term involving pzi in equation (3.30)
modifies equation (3.36) as follows
Mφn+1 = κd
{
2−
n∑
i=1
[
pi · ∂
∂pi
+ (2− d)e
2
i −m2i
pi · q q ·
∂
∂pi
− (2− d)ei ∂
∂ei
]}
Mn (3.43)
11The amplitude calculation performed in the next section confirms this.
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where we have used (pzi )2 = −p2i ≡ m2i and pzi = ei. We have also used the fact that the action
of Sρµi on the massive spin-2 hard states vanishes, i.e. piµS
ρµ
i φ
(n)
i τσMτσn = 0 by following the
same argument as in equation (3.34). Note also that comments written below equation (3.41)
regarding the spin operator Szρi are applicable in this case as well.
4 Some Explicit Checks
In the previous section, we showed that the compactification of the subleading soft graviton
theorem in d + 1 dimensions implies the soft factorization in d dimensions of the graviton,
vector and the scalar field which result from the dimensional reduction. For the graviton, the
subleading soft theorem statement is universal and is valid in every dimensions. Hence, the
result obtained from the compactification is expected. Also the soft factorization statements of
the scalar field, the dilaton, were already known for hard massless and massive but uncharged
particles. Equations (3.28) and (3.43) have also extended such results to the case of finite
energy fields charged with respect to the abelian gauge field. In this section, we shall focus
on the consistency check for a soft vector field and show that the soft factorization statements
for them also follow from the amplitudes computed in the framework of low energy theories
obtained by compactifying on a circle the Einstein-Hilbert action. For d = 10, the vector is
nothing but the RR 1-form field of the type IIA string theory, and therefore, the check that we
shall do in this section corresponds to the IR properties of amplitudes with RR 1-form fields.
4.1 Soft factorization for the 1-form field
The effective action describing gravitons, scalars and a 1-form field is given in equation (A.81).
For d = 10, this action coincides with the low energy effective action of type IIA string theory
restricted to the graviton, dilaton and RR 1-form fields.
We shall be interested in the case of amplitudes involving the 1-form field interacting with
the graviton or the scalar field. For this case, the 3-point vertex between the scalar and 2
abelian vector fields is given by
V µνφ,A,A(q1, q2, q3) = −2iκd
√
d− 1
d− 2
[
qν2q
µ
3 − ηµν(q2 · q3)
]
(4.44)
with the off shell condition
q3νV
µν
φ,A,A(q1, q2, q3) = 0 = q2µV
µν
φ,A,A(q1, q2, q3) (4.45)
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Similarly, the 3-point vertex between graviton and 2 vector fields is given by
V µν,ρ,σhAA (q1, q2, q3) = −2iκd
[
q
(µ
2 (q
ν)
3 η
ρσ − qρ3ην)σ) + (q2 · q3)ηρ(µ ην)σ
−qσ2 ηρ(µ qν)3 −
1
2η
µν(q2q3ηρσ − qρ3qσ2 )
]
(4.46)
This vertex satisfies the off-shell conditions
q2ρV
µν,ρ,σ(q1, q2, q3) = q3σV µν,ρ,σ(q1, q2, q3) = 0. (4.47)
Next, we consider the propagators. The graviton propagator in the De Donder gauge is given
by
−i
2
[
ηµρηνσ + ηµσηνρ − 2
d− 2ηµνηρσ
] 1
p2
(4.48)
and the propagators of the scalar and the 1-form are obtained to be
Gφ(p) =
−i
p2
; GµνA (p) = −i
ηµν
p2
(4.49)
By using these Feynman rules we shall compute all possible diagrams that contribute to an
(n + 1) point amplitude with a soft vector field and n hard particles which can be gravitons,
scalars or vectors. The different diagrams that can contribute to such a scattering process are:
an exchange diagram where the soft vector particle is attached on another vector hard particle,
exchange diagrams where the soft particle is attached on a graviton or a scalar external leg
and a diagram where the soft particle is attached to the n point amplitude without any pole
in the soft momenta. After computing these diagrams, we shall fix the soft expansion of the
amplitude by using the gauge invariance εµ → εµ + χ qµ.
We denote the momenta of the soft vector state by q and its polarization by εqµ and compute
each diagram contributing to the process one by one.
1. The diagram with a soft vector state attached on a hard vector state and with a graviton
as intermediate state is given by
M
(AAh)
n+1 (q, p1, . . . pn)
= −κd
nA∑
i=1
εqν(q)εµ(pi)
[
pi(τqκ)η
µν − pi(τqµηνκ) + (pi · q)ηµ(τ ηνκ) − pνi ηµ(τ qκ)
−12ητκ((pi · q)η
µν − qµpνi )
][
ητρηκσ + ητσηκρ − 2
d− 2η
ρσητκ
] 1
2q · pi
Mρσ(p1, . . . , pi + q, . . . pn) +O(q)
= −2κd
nA∑
i=1
εqνεµi
2pi · q
{
− ηρσ
d− 2 [(pi · q)ηµν − piνqµ] + (pi · q)ηµ(ρησ)ν − piνηµ(ρqσ)
}
Mρσn ({pk})
(4.50)
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Figure 1: The diagrams contributing to the calculation in section 4.1. The 2 topmost diagrams
correspond to the case when the internal state is a graviton or scalar whereas the first 2 bottom
diagrams correspond to the case when the graviton or scalar are external states attached to the
soft vector field. The last diagram denotes the amplitude without any pole in soft momenta.
where we have used the identity Mµν = Mνµ and denoted the momenta of the finite
energy vector state by pi. In going to the second line, we have also used
piµM
µν = (pi + q)µMµν − qµMµν = −qµMµν (4.51)
and neglected the terms of the order O(q). Now, by using the expression of the spin
operator given in (1.2) and by defining
Sσεµν ≡
[
η(µσ η
ν)ρ − η
ρ
ση
µν
d− 2
]
ερ(pi) (4.52)
we can express (4.50) as
M
(AAh)
n+1 (q, p1, . . . pn) = 2κd
nA∑
i=1
εqνpiρqσ(Σρµ)νσS iµ
2pi · q M
(hi)
n (p1, . . . , pi, . . . pn) (4.53)
where the i-th leg of M (hi)n contains the graviton state.
2. The diagram with a soft vector state attached on a hard vector state but with a scalar
as intermediate state is given by
M
(AAφ)
n+1 (q, p1, . . . pn) = −2κd
√
d− 1
d− 2
nd∑
i=1
εqνεµ(pi)
[pνi qµ − ηµν(pi · q)]
2pi · q Mn(p1, . . . , pi + q, . . . pn)
(4.54)
Again, by using the spin operator (1.2) and introducing an operator Sµ such that
Sµφˆ = −
√
d− 1
d− 2ε
νη(ρµ η
σ)
ν ηρσ = −
√
d− 1
d− 2 εµ (4.55)
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we can rewrite equation (4.54) as follows
M
(AAh)
n+1 (q, p1, . . . pn) = −2κd
nd∑
i=1
εqνpiρqσ(Σρµ)σνS iµ
2pi · q M
(φˆi)
n (pi, . . . , pi, . . . pn) (4.56)
where, now the i-th leg of M (φˆi)n contains a dilaton state.
3. The diagrams in which the soft vector is attached to an external graviton with another
finite energy vector field as intermediate state are given by
M
(Ah;A)
n+1 = −2κd
ng∑
i=1
εqνερσ(pi)
2pi · q
[
− (pi · q)ηµ(ρ ησ)ν + piν ηµ(ρ qσ)
]
Mµn (p1, . . . , pi + q, . . . pn) +O(q)
(4.57)
where we have used the transversality and the tracelessness conditions, namely, piµεµν =
0 = piνεµν and εαα = 0 respectively for the external on-shell gravitons.
4. Finally, the diagram where a soft vector is attached on a finite energy external scalar leg
is given by
M
(Ad;A)
n+1 = −2κd
√
d− 1
d− 2
nd∑
i=1
εqν
[−piνqµ + ηµν(pi · q)]
2pi · q M
µ
n (p1, . . . , pi + q, . . . pn)
(4.58)
Again making use of (1.2) and introducing an operator Sµ such that its’ action on the po-
larizarion vector is given by
Sνµ = −
ερσ(pi)− ηρσφˆ
√
d− 1
d− 2
 ηµ(ρησ)ν = −
ενµ(pi)− ηνµφˆ
√
d− 1
d− 2
 , (4.59)
we can combine the contributions of the 3rd and 4th diagrams given in equations (4.57) and
(4.58) to write
M
(Ah/d;A)
n+1 = 2κd
nA∑
i=1
εqν(q)piµqρ(Σµσ)νρSσi
2pi · q Mn(p1, . . . , pi, . . . pn) +O(q) (4.60)
The full n + 1 point amplitude is the sum of all possible exchange diagrams and the diagram
without any pole in the soft momenta
MAn+1(q, pi, . . . , pn) = M
(Ah/d;A)
n+1 +M
(AA;h/d)
n+1 +Nn+1(q, p1, . . . pn) (4.61)
Here we have denoted Nn+1 = εqµN
µ
n+1 the amplitude without any pole in the soft particle. Such
contribution can be determined, in the soft region, via gauge invariance of the full amplitude,
i.e.
qµM
µ
n+1(q, pi, . . . , pn) = 0 (4.62)
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It is easy to check that all the exchange diagrams are gauge invariant by themselves. Hence,
equation (4.62) simply implies
qν N
ν(q, p1, . . . pn) = 0⇒ N ν(0, p1, . . . pn) = 0 +O(q) (4.63)
We can now see that the contribution of all the Feynman diagrams in figure 1 is consistent
with the result obtained by dimensional reduction (3.40) when we specialize (3.40) to external
massless states provided we identify Szρi of (3.40) with the operators Sµ defined above. This
is an important point to note about the connection between the operators Sµ and the broken
generators of Lorentz group in d + 1 dimension. Noting again the action of the operators Sµ
on various polarization tensors
Sν εµ = −
ενµ(pi)− ηνµφˆ
√
d− 1
d− 2
 ; Sµφˆ = −
√
d− 1
d− 2ε
µ
Sνερσ = 12
[
ησν ηρµ + ηρν ησµ − 2η
µνηρσ
d− 2
]
εµ(pi) (4.64)
and comparing these equations with equations (3.37), (3.38) and (3.39), we immediately see
that they coincide if we identify Sµ with the angular momentum operator Szρ/
√
2 associated
to broken generators of the d+ 1 dimensional Lorentz group.
4.2 Soft factorization with hard massive spin two Kaluza-Klein states
We have seen that the circle compactification of the graviton soft theorem gives rise to the
soft factorization of amplitudes with soft scalar and gauge fields interacting with massless and
massive states. When the finite energy states in d + 1 dimension are gravitons, the Kaluza-
Klein modes are massive spin two states charged with respect to the abelian gauge field. In
this section, we shall consider these massive spin-2 KK modes interacting with a soft vector
field and show that the explicit calculation of the amplitude agrees with the result obtained
from compactification.
The action for the tower of massive spin two KK states interacting with an abelian gauge
field should be obtained by considering the compactification of the Einstein-Hilbert action in
the background determined by the massless modes of the metric. The lagrangian for the massive
spin 2 KK modes, by the procedure of compactification, has been considered in [77,83] ignoring
their interaction with the gauge field, (see also Ref. [84] regarding the interaction with the
massless fields). This gives the free Fierz-Pauli lagrangian (A.88).12 In the following, we shall
12The Fierz-Pauli lagrangian considered alone suffers from various problems (see, e.g., [85]) as is usually
the case with higher spin theories in flat space-times. However, the compactification procedure gives an
infinite tower of massive spin 2 fields that should form a consistent system. This can be seen for the case
of compactification of 11 dimensional theory on S1 since the resulting massive spin 2 tower in 10 dimension
corresponds to D0 brane and its bound states.
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use the Fierz-Pauli Lagrangian minimally coupled with an abelian gauge field (see for example
[86]), reviewed in appendix A (see equation (A.91)), for computing tree level amplitudes among
the abelian gauge field and KK-states. We shall use the Feynman rules coming from such an
action to check the factorization properties obtained via compactification.13
The 3-point vertex obtained from (A.91) giving the interaction among the vector with
momentum q and polarization εµ and two Kaluza-Klein states at the same level n, having
momenta and polarizations (k2, φµν) and (k3, φ∗ρσ) is
Vτ ;ρσ;µν(q, k3, k2) =
i
2 eˆ
1
2(ηρµησν + ηρνησµ − 2ηρσηνµ)(k2 − k3)τ +
1
2ητρηµν(k2 − k3)σ
+12ητσηµν(k2 − k3)ρ +
1
2ητµηρσ(k2 − k3)ν +
1
2ητνηρσ(k2 − k3)µ −
1
2ητρ(ησνk2µ + ηµσk2dν)
−12ητσ(ηρνk2µ + ηρµk2ν) +
1
2ητµ(k3ρησν + ηρdk3σ) +
1
2ητν(ησµk3ρ + ηρµk3σ)
+g2ητµ(qσηρν + qρησν) +
g
2ητν(qσηρµ + qρησµ)−
g
2ητσ(qµηρν + qνηρµ)−
g
2ητρ(qµησν + qνηµσ)

(4.65)
The gyromagnetic ratio g, which appears in the above vertex, is a free parameter and is
not fixed by the gauge invariance of the Lagrangian. It takes into account the ambiguity
in the minimally coupled Fierz-Pauli lagrangian due to non-commutativity of the covariant
derivatives [78]. The propagator of the massive states is given by (see, e.g., [78])
Dµνρσ = i
p2 +m2
[
ΠµρΠνσ + ΠµσΠνρ − 2 Π
µνΠρσ
d− 1
]
; Πµν = ηµν + p
µpν
m2
(4.66)
Here, we have denoted with φµν and φ∗µν the polarizations of the massive states. The on-shell
amplitude with a massless vector field interacting with n Kaluza-Klein modes is given by the
sum of the diagrams having a pole in the massive modes and the contact terms, i.e. terms
without the propagator of the massive particle (see figure 2)
Mn+1 ≡ ετ (Mn+1)τ (q, p1 . . . , pn)
= ετ φ∗ρσ
n∑
i=1
[
Vτ ;ρσ;αβ(q, pi,−pi − q)Dαβµν(−pi − q)Mµν(p1, . . . pi + q . . . , pn)
]
+ εµNµn+1(q, pi, pn) (4.67)
By imposing the current conservation condition [9]
(pi + q)µMµν(p1, . . . pi + q, . . . pn) = (pi + q)νMµν(p1, . . . pi + q, . . . pn) = 0, (4.68)
13It should be noted that the Fierz-Pauli Lagrangian doesn’t contain any cubic interaction term among
massive fields of different KK levels and the massless fields. It turns out that even in the full KK action,
obtained by compactification, such interaction terms can’t arise. This is due to the fact that the charge
conservation forbids cubic couplings between a massless gauge field and two massive particles of different
KK-level.
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Figure 2: Diagrams contributing to the interaction amplitude among a soft gauge field and n
Kaluza-Klein states.
we can replace, in the propagator, the symmetric tensor Πµν with the flat metric ηµν . Further-
more by imposing the on-shell conditions pµi φ∗µν = pνi φ∗µν = 0, φ∗µµ = 0 and Mµν = Mνµ, the
amplitude simplifies giving:
Mn+1 = εµ
n∑
i=1
eˆi
 pµi
piq
+ g qν2piq
Sµνi
Mn(p1, . . . pi + q, . . . pn)
+εµ
n∑
i=1
eˆi φ
∗
i
µν qν η
ρiσi
2(d− 1)piqMρiσi(p1, . . . pi + q, . . . pn) + εqµN
µ
n+1(q; p1, . . . , pn)
(4.69)
The action of the spin operator Sρσi , given in equation (3.23), on the massive spin 2 states can
be expressed as
Sρσi φ
∗
i
µν = φ∗i
σµ(Σρσ) νσ + φ∗i
σν(Σρσ) µσ . (4.70)
The contact term Nµ can be fixed, in the infrared region where the momentum q of the
gauge field is small, by imposing the gauge invariance of the amplitude
0 = qµMµ(q, p1 . . . , pn)
= Mn
n∑
i=1
eˆi +
n∑
i=1
eˆi q · ∂
∂pi
Mn(p1, . . . pi, . . . pn) + qµNµn+1(0; p1, . . . , pn)
+
n∑
i=1
eˆi
2 φ
∗
i
τδ qτ qδ η
µiνi
(d− 1)piqM
n
µiνi
(p1, . . . pn) +O(q) (4.71)
By imposing the charge conservation ∑ni=1 ei = 0 we get,
Nµn+1(0; p1, . . . , pnk)
= −
n∑
i=1
eˆi
∂
∂piµ
Mn(p1, . . . pi, . . . pn)−
n∑
i=1
eˆi
2 φ
∗
i
µδ qδ η
ρiσi
(d− 1)piqMρiσi(p1, . . . pn) +O(q)
(4.72)
up to local terms of the form Eµ = (A · q)Bµ − (B · q)Aµ [9].
By using (4.72) in (4.69), we finally get
Mn+1 = εµ
n∑
i=1
eˆi
 pµi
piq
+ qρ2piq
(Lµρi + gS
µρ
i ) +
qρ
2piq
Lµρi
Mn(pi) +O(q) (4.73)
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This equation is consistent with (1.1) when we specialize that to the case of the massive spin 2
external states (in which case, last term in right hand side of (1.1) vanishes) provided we take
the gyromagnetic ratio to be g = 1. We also notice that g = 1/2, rather than g = 1, is the
gyromagnetic factor consistent with the counting of the degrees of freedom of the model [78].
However, the full Kaluza-Klein theory that arises from the compactification of the Einstein-
Hilbert action is not the free Fierz-Pauli action but a theory with an infinite number of degrees
of freedom and it is not clear if the consistency conditions that fix g to be 1/2 are still applicable
to our case. Indeed, a study of the connection between the Fierz-Pauli action minimally coupled
to an abelian field and the Kaluza-Klein compactification of Einstein Hilbert action deserves
a deeper analysis.
5 Discussion
In this paper, we have analyzed the single soft graviton theorem under compactification. We
considered the compactification on S1 and showed that it gives a convenient tool for analyzing
the soft behaviour of amplitudes in a particular dimension from the known soft behaviours in
one higher dimension.
However, this technique could also be useful in considering compactification on more general
manifolds such as hypertorus or Calabi-Yau spaces. In these cases the spectrum that arises
from the compactifications would be different and the technique presented in this paper could
be useful in obtaining the soft behaviour of the particles which arise due to compactification
on these manifolds.
In the case of the soft vector field, we have also shown explicitly (which is consistent with
the result obtained from compactification) that the gauge invariance fixes the soft behaviour
of the amplitudes, up to order q0, even in presence of hard massive spin two fields. This check
has not been possible to perform in the case of the soft scalar due to the absence of a symmetry
which can determine the contact diagrams from the exchange diagrams. This has prevented
the derivation of the soft scalar behaviour from some ward identity even though the scalar
soft operators contain the generators of the scale transformations. In this respect, it is crucial
to note that the soft scalar particle, arising from the circle compactification, is the Goldstone
boson associated with the breaking of a global scale invariance [87] and it would be interesting
to explore the connections between this breaking and the soft scalar theorem as done in the
case of the dilaton of spontaneously broken conformal field theories [67,75].
It would also be interesting to consider the interaction of soft RR 1-form field with the D0
branes and its bound states. The results should be identical to the case of external massive
KK modes considered in section 4. Usually, one considers the D branes as solitonic objects.
However, treating them as external states participating in scattering from soft particles requires
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to treat them as perturbative objects. Moreover, we need to consider at least two D0 branes
to get a non zero result since, otherwise, the result vanishes by conservation of charge.
We have not considered the case of the multiple soft particles. However, the same technique
can also be applied to this case. This should produce the multi soft behaviour of amplitudes in
lower dimensions from the known multi particle soft theorems in higher dimensions [58,59]. In
general, deriving the multi particle soft behaviour is more involved. However, using the tools
of compactification, they can be easily obtained for a variety of particles.
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A Review of compactification on S1
In this appendix, we review some results about the dimensional reduction of the metric in
(d + 1) dimensions on S1. Gravity in (d + 1) dimensional space-time is described by the
Einstein-Hilbert action
S = 12κ2d+1
∫
dd+1x
√−GR (A.74)
The κd+1 is related to the (d+ 1)-dimensional Newton’s coupling constant as 2κ2d+1 = 16piGN .
We parametrize the compact direction by z and expand the metric in terms of its fourier modes
on the circle as
GMN =
∞∑
n=−∞
G
(n)
MN(x) e
inz
Rd , (A.75)
where Rd is the radius of the compact direction.
The most general compactification ansatz which is consistent with the diffeomorphism
invariance in d dimensions is
Gµν = e2αφgµν + e2βφAµAν , Gµz = e2βφAµ , Gzz = e2βφ (A.76)
with the inverse metric and the determinant given by
Gµν = e−2αφgµν , Gµz = −e−2αφAµ , Gzz = e−2βφ + e−2αφAµAµ (A.77)
det(Gµν) = e2(dα+β)φ det(gµν) (A.78)
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α and β are some arbitrary constants and the fields gµν(x, z), φ(x, z) and Aµ(x, z) depend on
the full d+ 1 space-time coordinates. For the above metric ansatz, the Einstein-Hilbert action
(A.74), up to total derivative terms, takes the form (see e.g., [77])
S = 12κ2d+1
∫
ddx
∫ 2piRd
0
dz
√
g
e(β+(d−2)α)φR− 14e((d−4)α+3β)φF µνFµν
+
[
2α(d− 1)(β + (d− 2)α)− α2(d− 2)(d− 1)
]
e(β+(d−2)α)φ∂µφ∂µφ
+14e
((d−2)α−β)φgµνgρσ
[
∂z(e2αφgµρ)∂z(e2αφgµσ)− ∂z(e2αφgµν)∂z(gρσe2αφ)
] (A.79)
where Fµν denotes the field strength of the vector field Aµ.
We now focus on the zero modes in the KK expansion (A.75). These zero modes do not
depend on the compact coordinate and represent the massless degrees of freedom in the d-
dimensional theory. More precisely, these zero modes describe the metric, a gauge field and a
scalar field in d dimensions. There are some specific choices for the constants α and β for the
zero modes. E.g., if we want to obtain the dimensionally reduced action in the Einstein frame
with the canonically normalized scalar kinetic term, we need to choose
β = (2− d)α , α2 = 12(d− 1)(d− 2) (A.80)
with these choices, the action for the zero modes of the metric reduces to (dropping the zero
index from the fields and taking the negative root for α)
S0 =
1
2κ2d
∫
ddx
√−g
[
Rg − 12∂µφ∂
µφ− 14e
√
2(d−1)/(d−2)φ FµνF µν
]
(A.81)
where we defined κ2d =
κ2d+1
2piRd .
Similarly, for going to the string frame, we need to choose
α = 31− d , β =
d− 4
d− 1 (A.82)
With these choices, for d+ 1 = 11, the action for the zero modes in d = 10 reduces to
S0 =
1
2κ210
∫
d10x
√−g
[
e−2φ (Rg + 4∂µφ∂µφ)− 14FµνF
µν
]
(A.83)
Next, we consider the non-zero modes. Their analysis is more involved and is carried out
in some detail, for example in [77, 83] for d + 1 = 5 and for the free theory neglecting the
interaction of the KK-modes with the massless fields graviton, vector and scalar. Here, we
follow a slightly different approach which is closer to reference [88]. Assuming d-dimensional
Poincaré invariance of the vacuum, we impose the conditions [89]
〈gµν〉 = ηµν ; 〈Aµ〉 = 0 ; 〈eφ〉 = 1 (A.84)
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and expand the metric around such a background as
Gµν = ηµν + 2κd+1Sµν(x, z) , Gzz = 1 + 2κd+1Szz ; Gµz = 2κd+1Sµz (A.85)
The KK expansion for the non zero modes is given by
S˜µν =
∑
n 6=0
S(n)µν e
ipzz ; S˜µz =
∑
n6=0
S(n)µz e
ipzz ; S˜zz =
∑
n6=0
S(n)zz e
ipzz (A.86)
where S˜ denotes the non zero modes of the KK-expansion of the metric, z ∈ [0, 2piRd] and
pz = n/Rd.
The d + 1 dimensional parametrization invariance of the theory allows us to gauge fix the
fields S˜µz and S˜zz to zero [88]. According to equation (A.77), this corresponds to fixing the
non zero modes of the scalar and gauge fields to zero. We can gauge away these fields because
they act as Goldstone fields and S(n)µν eats them to become a massive spin 2 particle, as we are
going to see.
Equation (A.79), restricted only to the non zero modes of the fields, simplifies and at lowest
order in the field expansion becomes
Sn.z.m =
∫
ddx
∫ 2piRd
0
dz
[
1
2∂ρS˜µν∂
ρS˜µν − 12∂ρS˜∂
ρS˜ + ∂µS˜∂νS˜µν − ∂ρS˜µν∂νS˜µρ
+ 14
(
∂zS˜µν∂zS˜
µν − ∂zS˜∂zS˜
) (A.87)
with S˜ = S˜µµ.
By inserting in equation (A.87) the mode expansion given in (A.86) and introducing the
d dimensional fields φ(n)µν =
√
2piRd S(n)µν we get, for each level n of the Kaluza-Klein mode
expansion, the Fierz-Pauli lagrangian [76]
L = 12∂µφ
(−n)
νρ ∂
µφ(n)
νρ − ∂µφ(−n)µν∂ρφ(n)ρν −
1
2∂µφ
(−n)∂µφ(n) + 12∂µφ
(−n)µν∂νφ(n)
+12∂µφ
(n)µν∂νφ
(−n) + m
2
n
2 (φ
(−n)
µν φ
(n)µν − φ(−n)φ(n)) (A.88)
with φ = φµµ, φ(n)µν = (φ(−n)µν )∗ and m2n = n
2
R2
d
.
The complex fields φ(n)µν satisfy the equations of motion of a massive particle with mass
m2n = n2/R2d, i.e. (see for example [78])(
+ n
2
R2d
)
φ(n)µν (x) = 0 ; ∂µφ(n)µν = ∂νφ(n)µν = φ(n)
µ
µ = 0 (A.89)
These are an infinite tower of massive modes with masses given by
m2n = −p2d = −p2z =
n2
R2d
(A.90)
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Thus, the d dimensional compactified theory has an infinite tower of the massive Kaluza Klein
states. These massive KK modes are also charged with respect to the massless U(1) gauge field
A(0)µ . This happens because the zero mode of the diffeomorphism along the compact direction,
namely, δxz = −ξz(xµ), becomes a local gauge transformation for the d-dimensional vector
field, A(0)µ → A(0)µ + ∂µξz(xµ) [89]. From equation (A.86), we easily see that the massive modes
transform under such transformation as S(n)µν → S(n)µν e−ipzξz and therefore carry the charge
e ≡ pz with respect to this U(1) group. The charge with respect to the canonically normalized
field defined in (2.12) turns out to be eˆn =
√
2κdpz [87]. Below, we work with the canonically
normalized field.
In this paper, in order to check the soft theorem statement involving a soft vector interacting
with the tower of KK-states we need to include in equation (A.88), the interaction terms
involving the gauge field. This is easily achieved by replacing the normal derivatives by the
gauge covariant derivative, namely, ∂µ → Dµ = ∂µ + ieˆnAˆµ. Since the covariant derivatives do
not compute, the minimal coupling procedure is ambiguous and this ambiguity is parametrized
by a constant g which is called the gyromagnetic ratio. Thus, the Fierz-Pauli Lagrangian which
includes the interaction with an abelian gauge field turns out to be (see for example [78])
L = 12Dµφ
∗
νρD
µφνρ −Dµφ∗µνDρφρν − 12Dµφ
∗Dµφ+ 12Dµφ
∗µνDνφ
+12Dµφ
∗µνDνφ+
m2n
2 (φ
∗
µνφ
µν − φ∗φ)− ieˆgφ∗ρµFµνφνρ (A.91)
with Fµν = ∂µAˆν − ∂νAˆµ and we have omitted the label n and used φ(−n) = φ∗ for having a
lighter notation. Equation (A.91) is the starting point for getting the Feynman rules written
in equations (4.65) and (4.66).
For the compactification of 11 dimensional theory on S1, the massive KK modes form the
short 256-dimensional susy multiplets and hence they are all BPS states. As mentioned above,
the mass (or equivalently conserved U(1) charge) of these states is given by m = |n|/Rd. It
turns out that in type IIA string theory in 10 dimensions, there are objects with precisely the
same properties, namely D0 branes. They also form the short 256-dimensional representation
of susy algebra. The tension (or mass) of the D0 branes is given by 1/(gs
√
α′). Hence, being
the BPS states, they also carry the U(1) charge in multiples of 1/(gs
√
α′). This means that a
single D0 brane can be identified with the n = 1 KK modes for the radius of compactification
R10 = gs
√
α′. The higher KK modes are then identified with the bound states of D0 branes.
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